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1. INTRODUCTION 
THE PURPOSE of this note is to compute the homotopy type of certain function spaces 
localized at large primes. 
As usual, IF, denotes the prime field of characteristic p, p = 0 or a prime number. Let 
X and Y be based CW-complexes, dim X = n. Map (X, Y) denotes the space of based maps 
from X to Y with the compact open topology. pi(X) = dimF,Hi(X; [F,). We will use R’ Y to 
denote Map@‘, Y) and ZBi(‘) is the Cartesian product of pi(X) copies of the space Z. 
THEOREM 1. Assume 
(a) X is a simply connected finite complex of dimension n < 2p, and H,(X; Z) is torsion 
f ree. 
(b) Y is a r-reduced CW-complex, r > n + 1, 
then after localization at p the space Map(xX, Y) is homotopically equivalent to the product 
n;=,(fii+l Y)Si(X). 
COROLLARY. 
(9 
(ii) 
There exists an isomorphism 
H,(Map(xX, Y); IF,) E @~=zH,((Ri+‘Y)Bi’X’; F,) 
of graded vector spaces 
There exist isomorphisms 
~AMw(~X, Y); IF,) 1 Ol=zHi(X; F,)@nr+i(Y; IF,) 
of Edvector spaces. 
The first isomorphism is related to a similar result of F. R. Cohen and L. R. Taylor 
contained in [3, 43. Our class of spaces Y is larger but we need restriction on the 
characteristic of the field. 
We have in common the starting point: If X0 c X1 c * * * c X, = X is a filtration of 
X by NDR pairs (Xi, Xi_ l)r we get a family of fibrations 
Map(Xi/Xi_ 1, Y) + Map(Xi, Y) -+ Map(Xi_ 1, Y). 
Now, choosing a particular type of filtration, Cohen and Taylor prove that the resulting 
Serre spectral sequences collapse when X is a suspension and Y is 2nth suspension. Here we 
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start with the “minimal” cellular filtration and prove that the multiplicative fibrations 
QMap(X;/Xi-1, Y) + RMap(Xi, Y) + RMap(Xi_1, Y), 
localized at p > n/2, are homotopically trivial. 
This follows from the fact that the connecting map 
6: RMap(X,_,, Y) + Map(Xi/Xi_r, Y) 
is homotopically trivial when localized at p > n/2. This in turn proves the second part of the 
theorem. 
Finally we remark, as in ([4], 2.13) that if H,(R’ Y; EJ is a free graded commutative 
algebra for 3 I i I n + 1, and if H,(Map(CX, Y); IF,) is commutative, then the first 
isomorphism in the theorem is an algebra isomorphism. 
From this theorem, we immediately deduce the following one 
THEOREM 2. Let X, Y, be non contractible CW complexes ofjinite type. We suppose that 
H,(X; h) is free, that X is connected and that the dimension X plus one is less than the 
connectivity of Y, then the mapping space Map(X, Y) has injnite Lusternik-Schnirelmann 
category. 
2. PROOF OF THEOREM 1. 
2.1. Let * = X0 c XI c . . . c X, be a cellular decomposition of a 2-reduced complex 
X = X,. For every i 2 1, we have the cofibration 
and the Baratt-Puppe sequence of cofibrations 
Xi-l---* xl XiZXi/X._ I 1siZlXi-1. 
2.2. The O-localization of 6i 
(6i)O = Z(qi)O: (C V ~S~-‘)O + C(Xi-I)0 Z V j,fl(S’,), 
is the geometric realization ([12]) of some graded differential algebra homomorphism 
.I-: (U-J), 0) + (L(V, 0) 
such that 
U E fi*(V@LSml; Q), VZZ E?*(Xi-l,O),J;” = S-‘(vi)*: U + V. 
As H,(X; Z) is torsion free, we can assume that in the cellular decomposition 
(vi)*: I?*( V.S~-‘; a)+ H*(Xi-1, Q) is zero. This implies the nullity off, so that (6i)o is 
homotopically trivial. 
NOW, as Xi/Xi _ 1 is a wedge of spheres of dimension less or equal to n, and x,,(EXi- 1) 
is p-torsion free for 2p > n [l], we deduce that the p-localization of 6i: 
tai)p: (xi/xi-l)p+ x(xi-l)p 
is homotopically trivial when 2p > n. 
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2.3. Consider the Baratt-Puppe sequence of fibrations 
QMap(Xi- 1, Y) 2 Map(Xi/Xi- 1, Y) + Map(Xi, Y) + Map(Xi_ 1, Y). 
Modulo the identification 
RMap(Xi_1, Y) = Map(CXi-1, Y) 
the connecting homomorphism a is homotopic to Map(G, Y). 
As localization at a prime p well behaves with the functor Map ([ll], Prop. 11.3.11.), 
2.2. implies that the connecting homomorphism a is homotopically trivial when localized at 
p > n/2. 
2.4. The multiplicative fibrations 
QMap(Xi/Xi_i, Y)+RMap(Xi, Y)+RMap(Xi_,, Y), 
are trivial; thus the total space is homotopically equivalent o the product of the base and 
the fiber. 
As 
Map(Xi/Xi- 1, Y) = Map@, v Jg, Y) = Map( v J,“, R’Y) = (0’ Y)Bi(x), 
the theorem is proved. 
An other proof of the same result could be obtained by using tame homotopy theory. By 
the equivalence of category defined in tame homotopy by H. Scheerer and D. TanrC in [ 131, 
it is quite easy to see that the localization at large primes of a suspension whose integral 
homology has no torsion is a wedge of spheres. It is clear that we have for these large primes 
homotopy equivalences 
OMap(X, Y) + Map(ZX, Y) + Map( v iSni, Y) + n map(Sni, Y). 
3. PROOF OF THEOREM 2. 
The category of a localized simply-connected space is always less than or equal to the 
category of the space [14], and the rationalization of Map(X, Y) has finite category if and 
only if the three following conditions are satisfied [S]: 
1. K”,“(Y) 0 Q = 0 
2. kF(X; a) = 0 
3. dim x*(X) @ Q < cc 
We suppose that the category of Map(X, Y) is finite and arrive to a contradiction. We 
can therefore suppose that the three previous conditions are satisfied. On the other hand, 
the study of the Serre spectral sequences of the fibrations 
RMap(Xi/Xi_ 1, Y) + RMap(Xi, Y) + RMap(Xi_ 1, Y) 
shows by induction on i that H(p) = H.,.(RMap(X, Y); FP) is a nilpotent Hopf algebra for 
any prime p [9]. We choose a prime p such that Map(X, Y) localized at p is not 
homotopically trivial. As the category of Map(X, Y) is finite, the depth of H(p) is finite [6], 
and therefore H(p) is an elliptic FdHopf algebra [7]. This in turn implies that the 
cohomology algebra H*(Map(X, Y); FP) satisfies Poincare duality [S]. 
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As the mapping space Map(X, Y) is simply-connected, the fundamental class is integral 
and this implies that Map(X, Y) localized at any prime p is not homotopically trivial. As 
Y is rationally elliptic, we know by a theorem of McGibbon and Wilkerson that for almost 
all primes R Y has the homotopy type of a finite product of odd dimensional spheres and 
loop spaces on spheres [lo]. If the prime p is also larger than dim X/2, then, by Theorem 1, 
the space RMap(X, Y) has the homotopy type of a finite product of spaces QrSm with I 2 2. 
As Map(X, Y) is elliptic, H(p) has to be finitely generated [7], which is in contradiction with 
the structure theorem for H,(0??““; F,) given by F. Cohen in [2]. 
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